Abstract. We develop a set of identities for Euler type sums. In particular we investigate products of shifted harmonic numbers of order two and reciprocal binomial coefficients.
Introduction and preliminaries
In this paper we study the summation of the product shifted harmonic sums of order two and reciprocal binomial coefficients, of the form, w (w + 1) · · · (w + λ − 1) , w ∈ C, λ ∈ N, with (0) 0 := 1 is known as the Pochhammer symbol. Some well known Euler sums are, [4] ,
n + 2H in [14] we have, for k ≥ 1
where the generalized n th harmonic number in power r, H
n , is defined for positive integers n and r as
Many finite versions of harmonic number sum identities also exist in the literature, for example in, [10] we have
m , and from, [8] 
Further work in the summation of harmonic numbers and binomial coefficients has also been done by Sofo [16] . The works of, [1] , [5] , [6] , [7] , [8] , [10] , [11] , [15] , [20] , [12] , [13] , [17] , [19] , and references therein, also investigate various representations of binomial sums and zeta functions in simpler form by the use of the Beta function and by means of certain summation theorems for hypergeometric series.
Lemma 1. Let q = 0, m, p and r be positive integers. Then
Similarly for (1.4). For (1.5) we first note that for an arbitrary sequence X k,l the following identity holds
In the case of non integer values of the argument z = r q , we may write the generalized harmonic numbers, H (α+1) z , in terms of polygamma functions
where ζ (z) is the zeta function. When we encounter harmonic numbers at possible rational values of the argument, of the form H The evaluation of the polygamma function ψ (α) r a at rational values of the argument can be explicitly done via a formula as given by Kölbig [9] , or Choi and Cvijovic [3] in terms of the Polylogarithmic or other special functions. Some specific values are given as (1.8) (2) , and H (2)
many others are listed in the excellent book [21] .
Harmonic number identities
We now prove the following two theorems.
Theorem 1. Let k ∈ N and for real number q > 1 and q < −1. Then we have
and consider the following expansion:
For an arbitrary positive sequence X k,p the following identity holds
Since we notice that
From (1.4), (1.5) and (1.6)
hence the identity (2.1) follows.
The two special cases of q = ±1 follows in the next corollary.
Corollary 1.
Under the assumptions of Theorem 1, from (2.1) let q = 1, then
Proof. Consider q = 1, then
The first sum on the right hand side of (2.6) can be replaced by (1.1), similarly
2, 2, 2 + k 1 and substituting into (2.6) we obtain (2.4). For q = −1
If we use the same method as in Theorem 1, by partial fraction expansion we are able to evaluate
we can also evaluate (2.8)
From (1.1) and (2.9), (2.5) follows. Rewriting the last equality we are able to write the one parameter hypergeometric identity
(2.10)
From (2.8), after some manipulations and simplification we can also obtain some new identities, which will be useful in the following work:
Identity (2.10) holds, in general, for k ∈ R\ {−1, −2, −3, . . .} . If k = 
where G = .915965 · · · is the Catalan constant.
Remark 1. From Theorem 1 the case q = ± 1 m , m ≥ 1 follows much the same procedure as in Theorem 1. Some specific cases are:
Now we consider the following finite version of Theorem 1.
Theorem 2. Let k, p ∈ N and for real number q > 1 and q < −1. Then we have
Proof. To prove (2.12) we may write
where A r is given by (2.3), and by a rearrangement of sums
From (1.3), (1.5) and (1.6)
Proof. First let us consider the case q = −1. Let
Now, by partial fraction decomposition we have
and from (2.7) and (2.10) we know that 
